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In this paper we propose a novel definition of the bosonic spectral action using zeta function
regularization, in order to address the issues of renormalizability and spectral dimensions. We compare the
zeta spectral action with the usual (cutoff-based) spectral action and discuss its origin and predictive power,
stressing the importance of the issue of the three dimensionful fundamental constants, namely the
cosmological constant, the Higgs vacuum expectation value, and the gravitational constant. We emphasize
the fundamental role of the neutrino Majorana mass term for the structure of the bosonic action.
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I. INTRODUCTION
The Standard Model of particle interactions is very
successful, and the recent discovery of the Higgs boson
seals its validity. Yet there are unanswered questions which
on one side suggest to go “beyond the Standard Model,”
perhaps connecting with a theory of quantum gravity, and
on the other side beg for an “explanation” of the loose
conceptual aspects, such as the hierarchy problem or the
nature of symmetries. The spectral approach to noncom-
mutative geometry [1,2] provides a framework for the
description of the Standard Model, encoding it in a general
view of geometry based on an algebraic description.
In particular, the action of a field theory is encoded in
such a description, and one can construct a natural action
for fermions and bosons based on the spectral properties of
the (generalized) Dirac operator. Such a spectral action has
been introduced in Ref. [3] and applied to the Standard
Model in various forms (for a recent review, see Ref. [4]).
This action is immediately applicable to the phenomenol-
ogy and has been presently refined to confront itself with
experimental results. Nevertheless, it is not free from
conceptual issues. In this paper we will mostly deal with
the latter and try to solve some of these drawbacks with the
introduction of a new form of action, the ζ spectral action.
In the following, in order to distinguish the zeta spectral
action from the usual one, we will call the latter the cutoff
spectral action since the main difference lies in the
regularization procedure.
The key difference between the two actions lies in the
fact that no operators of dimension higher than 4 appear in
the ζ spectral action, and therefore the theory is renorma-
lizable. In particular, it is not necessary to consider it as an
effective theory valid just below the unification scale, and
one can safely use it up to the Planck scale where the very
nature of spacetime changes due to quantum gravitational
effects. The ultraviolet asymptotics of the cutoff spectral
action was discussed in Ref. [5], finding the nonpropaga-
tion of bosons. In Ref. [6] it was shown that all spectral
dimensions coming from the cutoff-based bosonic spectral
action do not coincide with the topological d ¼ 4, viz. all of
them are zero, implying that some sort of ultraviolet
completion, like asymptotic safety [7], is necessary. The
ζ spectral action instead exhibits viable spectral dimen-
sions. For Higgs scalars and gauge bosons, the spectral
dimensions coincide with the topological one and equal 4,
while in the gravitational sector, the spectral dimension
equals 2, which implies improved ultraviolet behavior of
the gravitational propagators.
The ζ spectral action defines naturally, at the classical
level, all dimension-4 operators; therefore, the crucial point
is the generation of lower-dimensional operators, namely
the quadratic Higgs term, and the Einstein–Hilbert term if
one considers the Standard Model coupled to gravity. It
turns out, and this is one of the most interesting aspects of
the paper, that these terms are generated by the presence,
in the Dirac operator, of a term corresponding to the
right-handed neutrino Majorana mass. It is already
known [8–13] that the presence of a term (or a field) of
this kind is crucial in order to obtain the experimental Higgs
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mass. For the current study, this term must contain
dimensionful constants, and this leads to the introduction
of the needed lower-dimensional operators in the spectral
action. Compared with the cutoff-based approach, the zeta
spectral action has at the current stage the same predictive
power; however, the perspective on the hierarchy of scales
and the naturalness is conceptually different.
This paper is organized as follows. In Sec. II we review
the traditional spectral approach and list its successes and
open issues. In Sec. III we introduce an alternative
definition based upon the ζ function in an attempt to
address and cure some of the drawbacks mentioned in the
previous section and discuss in detail the issue of lower-
dimensional operators and normalization, emphasizing the
advantageous aspects of the ζ spectral action. Section IV is
devoted to the spectral dimensions, and Sec. V contains the
conclusions and outlook.
II. CUTOFF BOSONIC SPECTRAL ACTION
In noncommutative geometry and its applications for
particle physics, the basic object is the spectral triple
ðA;H;DÞ. The topology of spaces is described by a
(possibly noncommutative) -algebra A, represented as
operators on a Hilbert space H of spinors, considered as
the matter fields of the theory. The geometry is encoded in
the (generalized) Dirac operatorD which contains informa-
tion on the differential structure of spacetime and its metric
[1,2]. The Standard Model (SM) of strong and electroweak
interactions can be explained from a purely geometric
approach, considering an “almost commutative geometry,”
namely the product of an ordinarymanifoldM (representing
spacetime) times an internal space described by a matrix
algebra, with a particular choice of the algebraA. To obtain
the SM, the minimal choice of A is the algebra product of
smooth functions onM times the finite algebra of complex
numbers plus quaternions plus three-by-three matrices [14]:
A ¼ C∞ðMÞ ⊗ ðC⊕H⊕M3ðCÞÞ: ð2:1Þ
The Dirac operator comprises a continuous part acting on
functions of spacetime, times a finite-dimensional part
which contains the information of the masses and mixings
of the physical fermions,
D0 ¼ ð∂ þ ωÞ ⊗ Iþ γ5 ⊗ DF; ð2:2Þ
where ω is the spin connection, γ5 is the usual product of
the four γmatrices, andDF is a matrix containing themasses
(or rather Yukawa couplings) of the fermions. The covariant
version of the Dirac operator is built with the addition of a
generic connection,1
D ¼ D0 þ A; ð2:3Þ
where A ¼Piai½D; bi, with ai; bi elements of the algebra,
is the algebraic representation of the potential connection
1-form.
In the cutoff approach, the bosonic spectral action reads2
SΛ ¼ Tr

χ

D2
Λ2

; ð2:4Þ
with χ a cutoff function, and the scale Λ is some constant.
This cutoff function is one at the zero value of its argument
and vanishes at ∞. Typical examples considered in the
literature are χðxÞ ¼ 1 if x ≤ Λ and zero otherwise, or a
smoothened version of it; alternatively one can consider an
exponentially decreasing cutoff χðxÞ ¼ e−x.
Both χ and Λ are needed to define a finite trace using
eigenvalues of the Dirac operator, but they have to be
considered as inputs. In particular χ enters in the heat kernel
expanded action via its momenta, which are undefined in
the theory.3 Our work starts from the observation that the
introduction of a cutoff function and a scale is not the only
way to construct a finite trace using the Dirac operator. This
turns out to be a crucial starting point for the different
version of the spectral action, the ζ action wewill present in
the next section.
The spectral action is a classical quantity and can be
calculated using the heat kernel expansion. The result is a
polynomial in decreasing powers of the cutoff scale Λ
starting fromΛ4. The resulting terms depend on themomenta
of the cutoff function χ and the fields which appear in the
corresponding powers of D, and their derivatives. The
obtained result can schematically be written as [14]
SΛ ¼
Z
d4x
ﬃﬃ
g
p ðA1Λ4
þ A2Λ2

5
4
R − 2y2tH2 −M2

þ A3

g22W
α
μνWα μν þ g23GaμνGa μν þ
5
3
g21BμνB
μν

þ other OðΛ0ÞþOðΛ−2ÞÞ; ð2:5Þ
where yt is the Yukawa coupling for the top quark
4; R is the
curvature scalar; W;G; B are the curvature tensors for the
three interactions; andM is (up to a numerical factor) a heavy
Majorana right-handed neutrino mass (which would appear
1More precisely it should be D ¼ D0 þ Aþ JAJ, but the real
structure J, which is otherwise very important for physics, plays
no role in this study, and hence we ignore it to simplify notation.
2The subscript Λ to the spectral action is needed to differentiate
it from the ζ spectral action which we introduce below and
indicate as Sζ .
3The momentum of the cutoff function associated with
the gauge couplings at unification has been constrained by
astrophysical data [15–18].
4The action contains terms depending on all fermion’s Yukawa
couplings, which, however, can be ignored given the top
predominance.
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also in theΛ0 termvariously coupled). TheAiwith i ¼ 1; 2; 3
are constants which depend on the details of the function χ,
and for typical choices of that function, the three constants
are not too different from unity. In the case of the cutoff being
the characteristic function of the unit interval, theOðΛ−2Þ are
not present in the asymptotic expansion; however, careful
analysis of the situation shows [19] that the anzatz (2.6)
coincides with the left-hand side only for momenta smaller
than the cutoff Λ.
In Eq. (2.5) the g1, g2, g3 are the corresponding gauge
couplings of the three interactions. The action we have
written is classical, but the relation among the gi’s indicates
that the action SΛ is written at the scale at which all three
gauge constants are equal (up to the usual factor of 5=3
normalizing the Abelian interaction):
5
3
g21ðΛÞ ¼ g22ðΛÞ ¼ g23ðΛÞ: ð2:6Þ
Present data indicate that this is not true, at least in the
absence of new physics, but experimentally it results that
the three couplings are very close to each other in the
energy range of 1014 − 1017 GeV. Modification of the
action, as for instance within a supersymmetric theory
[20], or by considering the six-dimensional terms of order
Λ−2 [21], may lead to a more concrete unification.
The presence of a unification point does not necessarily
imply a larger, grand unified group. In fact the most
common scenarios, based on SU(5) or SO(10), do not fit
in the noncommutative geometry frame, although there is
strong indication that some sort of Pati–Salam symmetry
may be present [11]. Nevertheless, independently of the
choice of gauge group among allowed choices, the cutoff
spectral action requires the presence of an additional scale
Λ ∼ ð1014–1017Þ GeV.
The presence of the unification point of the three
interactions is fundamental to the theory and does not
depend on the fact that a regularization is needed; in other
words it does not depend on the form of χ or the value of Λ.
Its specific value is related to the spectral data contained in
D, and one might say that its presence is more of kinematical
nature. This observation is important for the alternative
definition that we advocate, which exploits the spectral triple
data only. We will first, however, discuss the successes and
open issues of the cutoff bosonic spectral action.
A. Why the spectral action
From the symmetry point of view, the main point is that
very few gauge groups fit into the model. Fortunately the
Standard Model one does, but very few others do. For
example, the Pati–Salam group SUð2ÞL × SUð2ÞR × SUð4Þ
does, but SO(10), of which the former group is an
intermediate breaking stage, does not. Moreover, the
formalism allows fermions in the fundamental or trivial
representation of the gauge group, a feature of the Standard
Model. The absence of larger groups with novel represen-
tation prevents proton decay.
The main success of the spectral action is, however, the
possibility to infer quantities related to the boson (and the
Higgs in particular) based on the input of only fermionic
parameters (Yukawa couplings and mixing) present in the
(generalized) Dirac operator. The Dirac operator defines
also the fermionic part of the action as a structure of bilinear
form acting on fermions:
SF ¼ hJψ jDjψi: ð2:7Þ
As we said the model has predictive power, and the initial
prediction for the mass of the Higgs was 170 GeV [14]; it is
now known this number is not correct. It is nevertheless
remarkable that a theory based on mathematical first
principles quantitatively predicts a number which is not
too far from the experimental one. Taking the input from
experiment, the models can be improved with the introduc-
tion of a scalar field which alters the running of the quartic
coupling and makes it compatible with the actual mass of
126 GeV [9–11,22]. This scalar, usually called σ in this
context, had appeared beforewithin noncommutative geom-
etry [8] as well as in general; see e.g. Ref. [23]. Although in
Ref. [9] it was inserted ad hoc in the spectral action principle,
there are approaches [10] where it comes naturally via the
formalism based on introduction of the so-called grand
symmetry. Alternatively, it is possible a violation of some of
the noncommutativity conditions, as done in Refs. [11,22].
B. Why go beyond
The bosonic spectral action defined by Eq. (2.4) still
leaves open some important issues, which we now discuss.
The locality of the theory is far from settled. Although in
the low momentum regime the expansion (2.5) recovers the
Standard Model action, the high momentum regime does
not contain positive powers of the field derivatives [5,19],
exhibiting the structure
SΛ ∼
Z
d4x

α1Λ2hμνhμν þ α2ϕ
Λ4
∂2 ϕþ α3Aμ
Λ4
∂2 A
μ

;
ð2:8Þ
where ϕ and Aμ are bosons of spin 0 and 1, respectively;
α1;2;3 are constants depending on the particular realization
of the model. The traverse and traceless fluctuations hμν of
the metric tensor gμν are defined as
gμν ¼ δμν þ
hμν
MPl
; ð2:9Þ
where MPl is the Planck mass; i.e., they have canonical
dimension of energy. This opens the question of the
meaning of the scale Λ and what happens beyond it—
whether the theory is unitary or causal, for example. The
theory is certainly not renormalizable, as it stands, since at
high momenta the bosonic propagators do not decrease. For
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instance, in contrast to conventional QED, the diagram
presented in Fig. 1 is divergent, and therefore one has to
add four fermonic interactions ðψ¯ψÞ2 in order to subtract
the infinity. Theories with four fermonic interactions are
well known to be nonrenormalizable.
The spectral action (2.4) is calculated via the asymptotic
heat kernel expansion. This can be divergent and generally
speaking does not coincide with the spectral action [24].
Let us note that, doing a rigorous analysis of the heat
kernel expansion, one does not actually obtain the Higgs
potential from the heat expansion; i.e., one does not find a
minimum for all natural5 choices of the cutoff function.
Indeed, although the finite ansatz based on the first three
nontrivial heat kernel coefficients reproduces familiar
double well potential, the total sum does not. Already
for the exponential cutoff, the Higgs potential defined as
VðHÞ ¼ lim
vol→∞
SΛðHÞ
vol
; H ¼ const;
gμν ¼ δμν; Bμν ¼ Gμν ¼ Wμν ¼ 0 ð2:10Þ
can be computed exactly using the results of Ref. [25], and
the answer reads
VðHÞ ¼
XNF
j¼1
Bj exp

−
βjH2
Λ2

; ð2:11Þ
where Bj and βj are nonnegative constants and NF is the
number of fermions. For a nonexponential cutoff, we find
that, performing a Laplace transform of the cutoff function,
the result remains qualitatively valid for all natural cutoff
functions. The result (2.11) is valid for allH, in particular in
“the low-energy” region H ≪ Λ where the cutoff spectral
action is supposed to work. Therefore, to make this model
viable, it is necessary to add, by hand, to the H2 term a
quadratic term with a large coefficient. Such a term will
provide the minimum of the overall potential, while it will
lead to the correct Higgs vacuum expectation value, which
is many orders of magnitude smaller than the cutoff scaleΛ.
Regarding the cosmological constant, let us note that the
natural value obtained through the spectral action is ∼Λ4,
hence much bigger than the observationally known value.
Hence, one should add by hand the appropriate term to
render it compatible with its observational value. Finally it
is known that the coefficient in front of the scalar curvature
R, that has to be identified with inverse gravitational
constant, is (depending on Λ) at least 1 order of magnitude
smaller than the value, obtained from experiment; there-
fore, one should also add a corresponding term to the action
in order to get the correct value of this coefficient. Thus, we
conclude that the magnitude of the dimensionful parameters
appearing in the model, the cosmological constant, the
Higgs vacuum expectation value, and the gravitational
coupling have to be put in (2.4) by hand with unnatural
numerical values which are independent of the cutoff scale.
We emphasize that, independently of the choice of the
almost-commutative manifold, the physical values of these
quantities necessitate an experimental input which goes
beyond the data encoded by the spectral triple. All these
FIG. 1. We present an ultraviolet divergent diagram leading to
the introduction in the theory of the four fermionic vertex, i.e.,
making it nonrenormalizable. Wavy lines present photon propa-
gators, and arrowed lines correspond to electrons and positrons. FIG. 2 (color online). Running spectral dimension
fDsðTÞ for
our model. The parameter a is chosen to be equal to 1. The upper
line represents the real part of ~DsðTÞ, while the lower part
represents the imaginary part. At T → 0 the ~DsðTÞ approaches to
the conventional spectral dimension Ds ¼ 2, while at T → ∞ it
goes to the low-energy dimension DlowS ¼ 4.
5Under natural choices of the cutoff function, we mean a
nonincreasing cutoff function χðzÞ that equals 1 at z ¼ 1 and then
rapidly decreases at z > 1.
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quantities have to be substituted by a subtraction point
which fixes their value by hand to fit the experimental data.
This drawback is closely related to the naturalness problem.
There are other issues, like the signature6 or the compact-
ness of spacetime, which are beyond the scope of the
present study.
III. NEW PROPOSAL: THE ζ SPECTRAL ACTION
Going back to the origins of the bosonic spectral action,
one notes that this is a regularized version of the number of
eigenvalues of the square of the Dirac operator. The number
of eigenvalues of an unbounded operator is of course
infinite, and one has to (classically) regularize this sum,
which would be otherwise 1þ 1þ 1…. The spectral action
does it with the introduction of the cutoff scale Λ.
Since the rationale for introducing the spectral action
was a regularization, we may try another regularization of
the number of the eigenvalues of an operator. To cure some
of the drawbacks of the conventional bosonic spectral
action outlined above, we propose a definition of the
bosonic spectral action based upon the ζ function. We
hence define the bosonic spectral action as
Sζ ≡ lim
s→0
TrD−2s ≡ ζð0; D2Þ: ð3:1Þ
The ζ function is well defined [29] and given by the a4 heat
kernel coefficient associated with the Laplace type operator
D2, namely
Sζ ¼ a4½D2 ¼
Z
d4x
ﬃﬃ
g
p
L;
with LðxÞ ¼ a4ðD2; xÞ: ð3:2Þ
We refer the reader to e.g. Ref. [30] for details. Strictly
speaking the trace of D−2s is convergent if the real part of
2s is greater than the dimension. Then one can prove that it
has a unique meromorphic extension, denoted ζðs;D2Þ,
which has a set of poles on the complex plane of the
variable s. For a Laplace-type operator D2, the point s ¼ 0
is not a pole, and therefore ζð0; D2Þ is well defined. The
zeta function and its regularity at zero were discussed in
Ref. [31] in the context of almost commutative manifolds
and in Ref. [32] in the more general noncommutative setup.
Here we use the zeta function to regularize the sum in
Eq. (3.1) defining the classical action, while in a slightly
different context, the zeta function regularization is also
commonly used to regularize functional determinants
appearing upon quantization [33]. The spectral action
(3.2) is nothing but the conformal anomaly in a theory
of quantized fermions [30] where the bosonic fields are
a classical background, and the relation between the
cutoff spectral action and the anomaly can be found in
Refs. [34–37]. The Lagrangian density obtained from the ζ
spectral action has the form
LðxÞ ¼ α1M4 þ α2M2Rþ α3M2H2
þ α4BμνBμν þ α5WαμνWμν α þ α6GaμνGμνa
þ α7H

−∇2 − R
6

H þ α8H4
þ α9CμνρσCμν ρσ þ α10RR; ð3:3Þ
where Bμν,Wμν, andGμν are the field strength tensors of the
corresponding U(1), SU(2), and SU(3) gauge fields;
α1;…; α10 are dimensionless constants determined by the
Dirac operator (the particular form of which is not relevant
here); RR is the Gauss–Bonnet density; and C is the Weyl
tensor.
The bosonic spectral actionSζ contains only terms needed
for the StandardModel andEinstein gravity and nothing else
(e.g. higher dimensional operators); therefore, it is local,
renormalizable, and unitary. This means that one can use
renormalization and safely compute arbitrary loop-order
corrections. In this analysis, as in general for the spectral
action, gravity is a background field which is not quantized,
and therefore there are no issues of renormazability or
unitarity as far this sector is concerned. Another strong
advantage of the definition (3.2) is the fact that the
Lagrangian (3.3) is an exact result, and therefore there is
no need to consider asymptotic expansions and their
convergence.
Substituting the Weyl square and Gauss–Bonnet density
expressions via R2, RμνRμν, and RμναβRμναβ, we can rewrite
our Lagrangian as a linear combination,
LðxÞ ¼
X12
j¼1
ηjOj; ð3:4Þ
where
O1 ¼ 1; O2 ¼ R; O3 ¼ H2; O4 ¼ BμνBμν;
O5 ¼ WαμνWμν α; O6 ¼ GaμνGμν a; O7 ¼ H∇2H;
O8 ¼ H2R; O9 ¼ H4; O10 ¼ RμναβRμναβ;
O11 ¼ RμνRν; O12 ¼ R2: ð3:5Þ
The Lagrangian given by Eq. (3.5) is the most general
renormalizable Lagrangian for quantum field theory (QFT)
in curved spacetime,7 and correspondingly the complete
spectral action
S ¼ hψ¯ jDjψi þ Sζ ð3:6Þ
is a renormalizable theory describing the Standard Model.
Upon quantization all 12 composite operators Oj in
6Alternative approaches based on the Lorenzian signature were
discussed in Refs. [26–28].
7For renormalization of QFT in curved spacetime and corre-
sponding counterterms, see e.g. Ref. [38].
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Eq. (3.5) must be renormalized, and after proper introduc-
tion of the renormalization matrix and counterterms, the
coefficients ηj by the end of the day must be replaced by
renormalized physical parameters ηphysj . Quantum field
theory never predicts the physical values of the coefficients
ηphysj , and they must be fixed at some energy scale by
normalization conditions. Usually such normalization is
done using the values obtained from experiment at low
energy.8 For the spectral action, however, it is natural to fix
the scale at the unification point, and this fixes the relations
with all other coefficients, which likewise are normalized at
the unification point, with their value given by the spectral
action. We emphasize that this normalization procedure is
not a consequence of the spectral geometry framework but
is a natural prescription. This prescription gives predictive
power, and we will use it considering the scale at which the
ζ spectral action is written to be ∼ð1014 − 1017Þ GeV. In
analogy with the conventional bosonic spectral action
discussed in Sec. II, we will still call this scale Λ. In
conclusion, the bosonic spectral action is written as an
action valid at a particular scale, while the action is itself
independent of this scale.
The spectral approach is very successful giving restric-
tions on dimensionless parameters like Higgs quartic
coupling, gauge couplings, Yukawa couplings, etc. For
the zeta spectral action in its present formulation, the issue
is the value of the dimensionful constants in the lower-
dimensional terms in the action. We notice from (3.3) that
the presence of the Majorana mass term in the Dirac
operator introduces the correct lower-dimensional opera-
tors; however, the corresponding coefficients are physically
inappropriate. Therefore, these three numbers cannot be
taken from the spectral action, and one has to normalize the
lower-dimensional operators by hand, thereby leaving the
naturalness problem unsolved.
Let us comment here on the fundamental role played by
the dimensionful constant M appearing in the position
corresponding to the Majorana mass in the Dirac operator.
At this stage this is a constant quantity; at the end of the
paper we comment on the interplay between this term and
the σ field. As we said bare values of the dimensionful
parameters must be renormalized by hand. However, the
corresponding terms in (3.3) carry information: they define
the structure of the counterterms needed to eliminate
divergences upon quantization when one uses dimensional
regularization. Indeed, if one hasM ¼ 0, since there are no
dimensionful constants in the bare Lagrangian anymore,
divergences proportional to 1, R, and H2 would not appear,
and there would be no necessity to introduce the corre-
sponding counterterms. Correspondingly, the cosmological
constant, Higgs mass parameter, and gravitational constant
would never come out from renormalization. In the context
of the spectral action, the Majorana mass term already plays
a fundamental role for the phenomenological viability of
the model; in the present context, its role is even enhanced.
A remark is in order. It is useful to compare our approach
with the one of Ref. [39] where the spectral action
was defined by the ansatz of the (generally divergent)
asymptotic expansion
XN
n¼0
f2nΛ4−2na2n½D; ð3:7Þ
where fn are arbitrary and N ≥ 2. This makes the theory
local and superrenormalizable, with Λ a cutoff, not a
physical scale.
The higher terms are a particular kind of higher-
derivative regularization [40]; in particular when N ¼ 3,
we have the action for the gauge field
f4FaμνFμν a þ
f6
Λ2
Faμνð−∂Þ2Fμνa; ð3:8Þ
which improves the ultraviolet behavior of the propagator
1
p2
→
1
p2 þ f6f4Λ2 p
4
: ð3:9Þ
At finite values of Λ, such theories are known to be super-
renormalizable (but with ghosts), and in the limit Λ → ∞,
one recovers the original renormalizable (without ghosts)
theory. Since there are still divergent one-loop fermionic
diagrams, one would then have to regularize the theory with
dimensional regularization, thereby creating an artificial
hybrid of higher-derivative and dimensional regularizations
[41]. For N ¼ 2 in flat spacetime, the action is renormaliz-
able and unitary. However, the coefficients a0 and a2 that are
supposed to introduce the cosmological constant, Higgs
vacuum expectation value, and Einstein–Hilbert action term
do not have by themselves predictive power, since all these
parameters have to be normalized using experimental values.
If, keepingN ¼ 2, one removes them by hand, the definition
(3.7) will lead to our definition (3.1).
IV. GRAVITATIONAL SPECTRAL DIMENSION
Unlike the cutoff formulation, our new definition leads to
nontrivial spectral dimensions, which we calculate in this
section. The spectral dimension is conventionally the
effective dimension of the manifold probed by the particles
“living” on it (see for instance Ref. [6] and references
therein for details). In particular, for the standard action of a
particle with mass m, one has to replace p2 − ap4 with
p2 þm2 in (4.4), leading to a spectral dimension which
will coincide with the topological one, namely d ¼ 4. For a
more complicated momenta dependence, Ds can be
8Here “low” may mean TeV scale, which is still much lower
than the unification scale.
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different from the topological dimension, being dependent
on the particles one chooses to probe, since their propa-
gators can have different dependence on the momenta.
Since the actions for Higgs scalar and for gauge fields
have the same behavior in the ultraviolet, like in the
infrared, their corresponding spectral dimensions coincide
with the topological dimension of the manifold and are
equal to 4. The gravitational spectral dimension can be also
defined in a viable way; however, such a definition requires
some analytical continuation, and therefore we elaborate
carefully this point.
The gravitational part of our theory consists of the Weyl
square contribution coming from Eq. (3.2) and the Ricci
scalar R appearing after the renormalization discussed in
the previous section,
Sgr ¼
Z
d4x

M2Pl
16π
R −
NF
16π2
CμνηξCμνηξ

; ð4:1Þ
where NF stands for the number of fermions.
To compute the spectral dimension, one has to extract
the quadratic part of Sgr for transverse and traceless
fluctuations hμν of the metric tensor gμν defined by (2.9).
We obtain
Sgr ¼
M4Pl
64π
Z
d4xhμν½ð−∂2Þ − að−∂2Þ2hμν þOðh4Þ; ð4:2Þ
where
a≡ 2NF
πM2Pl
: ð4:3Þ
To define the spectral dimension, one needs the heat kernel
PðT; x; x0Þ corresponding to Eq. (4.2), or more precisely its
value PðTÞ at x ¼ x0. One can see from Eq. (4.2) that such a
heat kernel is given by
PðT; x; x0Þ ¼
Z
d4p
ð2π4Þ e
ipðx−x0Þe−ðp2−ap4ÞT: ð4:4Þ
Note that setting x ¼ x0 the integral PðTÞ is divergent
because a is positive while being well defined for
negative a. In spherical coordinates the relevant integral
is proportional toZ
∞
0
dpp3e−ðp2−ap4ÞT
¼ 1
8
ð2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃ−aTp expð T
4aÞ −
ﬃﬃﬃ
π
p
erfð1
2
ﬃﬃﬃﬃﬃﬃ
−aT
p
a ÞT −
ﬃﬃﬃ
π
p
TÞe− T4a
ð−aTÞ32 ;
ð4:5Þ
where the right-hand side is an analytic function on the
complex plane without a ray, that we can choose as a lower
half of imaginary axis ½0;−i∞Þ. It means that there exists
an analytic continuation in a region of positive a; we define
our integral for positive a as such an analytic continuation.
We are now ready to compute the spectral dimension
Ds ≡ lim
T→0

−2
∂ logPðTÞ
∂ logT

: ð4:6Þ
Following Ref. [6], apart from the spectral dimension, we
also introduce the “running” spectral dimension ~DsðTÞ
fDsðTÞ≡ −2 ∂ logPðTÞ∂ logT ; ð4:7Þ
which in our case is imaginary, however, we will show that
its limit (i.e. the conventional spectral dimension) is real.
We write
fDsðTÞ
¼2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
−aT
p ð4aþTÞexpð T
4aÞ−Tð2aþTÞ
ﬃﬃﬃ
π
p ½erfð1
2
ﬃﬃﬃﬃﬃﬃ
−aT
p
a Þþ1
2að2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃ−aTp expð T
4aÞ−
ﬃﬃﬃ
π
p
erfð1
2
ﬃﬃﬃﬃﬃﬃ
−aT
p
a ÞT−
ﬃﬃﬃ
π
p
TÞ
ð4:8Þ
and plot fDsðTÞ in Fig. 2. Although we are interested in the
limit T → 0, it is worth noting that in the limit T → þ∞ the
running spectral dimension is real, while it would be
interesting to understand the meaning of the running
imaginary spectral dimension.
Returning to the conventional spectral dimension, we see
that for all nonzero real a we get
Ds ≡ lim
T→0
fDsðTÞ ¼ 2: ð4:9Þ
Finally, although in the intermediate range of the parameter
T the spectral running dimension is imaginary, there exists
a sensible low-energy limit of DS, valid again for all real a,
with
Dlows ≡ lim
T→∞
fDsðTÞ ¼ 4: ð4:10Þ
Our result in Eq. (4.9) is quite natural, and the fact that the
actual spectral dimension is 2 implies that it is in agreement
with the fact that the gravitational propagators in our theory
decrease faster at infinity due to the presence of the fourth
derivative, thereby improving the ultraviolet convergence
of the Feynman loop diagrams. From another point of view,
our low-energy result is in agreement with the fact that at
very low energies the dynamics does not feel the Weyl
square terms.
Another remark is that in principle, relaxing the nor-
malization condition discussed in the previous section, one
can also renormalize the coefficient in front of the Weyl
square action to a positive constant, that would correspond
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to negative a in Eq. (4.2). Such a renormalization would
decrease a little bit the predictive power for curved
spacetime; however, all particle phenomenology related
with the flat spacetime would remain unchanged. This
normalization may be favorable in order to have a pos-
itively defined expression (at large momenta) for the
Euclidean path integral, and therefore for completeness
we present also results for the running dimension in
this case.
In this situation, the running spectral dimension ~DsðTÞ is
real for all T, but not just at T ¼ 0 and T ¼ ∞, and the
corresponding plot is presented in Fig. 3.
V. CONCLUSIONS AND OUTLOOK
In this paper we propose a new definition of the bosonic
spectral action using the zeta function regularization. The
corresponding theory is local, unitary, and renormalizable.
We recall that the mentioned statement concerns fermions
and bosons, while quantization of gravity goes beyond the
scope of our present study. Such a separation is indeed
reasonable; quantum gravitational effects manifest them-
selves at energies ∼MPl ¼ 1019 GeV, but nonlocality and
nonrenormalizability manifest themselves at the cutoff
scale 1014–1017 GeV; i.e. at energies at least 100 times
less. The spectral dimensions for fields of various spin are
nontrivial.
To obtain (in the ultraviolet renormalization) the Higgs
quadratic term, a term in the Dirac operator corresponding
to a neutrino Majorana mass is fundamental. A nonzero
element in that position in the Dirac operator is also
necessary to obtain the correct mass of the Higgs [9]. In
this case the entry is a field
aiψcσðxÞψ ; i ¼ 1; 2; 3 ð5:1Þ
(where i is a generation index), and one can consider more
general terms
ψcðaiσðxÞ þMiÞψ ; ð5:2Þ
where ai and Mi are different constants for right-handed
neutrinos in different generations, with the condition
ai=aj ≠ Mi=Mj, for i ≠ j (otherwise, a field redefinition
could eliminate them). These terms are allowed by sym-
metries.9 Indeed, the only reason for the usage of constant
mass terms was the introduction of M4, M2H2, and M2R
terms in the action and therefore the corresponding counter-
terms upon ultraviolet renormalization. The numerical
values of the constants Mi are not relevant; they can be
arbitrarily small (and therefore without phenomenological
consequences), but they must be nonzero in order to
introduce the counterterms needed to renormalize the
cosmological constant, the quadratic Higgs, and the
Einstein–Hilbert terms. We emphasize that at the present
stage all phenomenological predictions of our approach
(like the prediction of the Higgs mass) are the same as in the
ones derived from the cutoff spectral action.
Working in the formalism exhibiting both the σ field and
the first-order condition, e.g. the grand symmetry frame-
work [10], the Dirac operator only has neutrino Majorana
mass terms of the kind of (5.1), and correspondingly no
dimension-zero and dimension-2 operators appear in the
classical action. In this case the ζ spectral action reads
Sζ ¼
Z
dx
ﬃﬃ
g
p ðγ1BμνBμν þ γ2WαμνWμν α
þ γ3GaμνGμν a þ γ4H

−∇2 − R
6

H
þγ5H4 þ γ6σ

−∇2 − R
6

σ þ γ7σ4 þ γ8H2σ2
þ γ9CμνρσCμν ρσ þ γ10RRÞ: ð5:3Þ
Both fermionic and bosonic parts of the spectral action are
invariant under local conformal transformations
ψðxÞ→ e−32ϕðxÞψðxÞ; HðxÞ → e−ϕðxÞHðxÞ;
σðxÞ→ e−ϕðxÞσðxÞ; eaμ → eþϕðxÞeaμ; ð5:4Þ
FIG. 3 (color online). “Running” spectral dimension ~DsðTÞ for
negative a for our model. The parameter a is chosen to be minus
one. The “running” spectral dimension remains real for all T from
zero to plus infinity and represents at zero and at infinity the same
limits like for positive a.
9For sterile fermions the mass terms can be written either with
constants or with a scalar field, and hence also linear combina-
tions are possible. The situation is qualitatively different from left
isospin doublets, where masses must be generated via a scalar
field.
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and this classical theory does not contain any dimensionful
parameters. Since the theory is renormalizable, these
parameters will not appear in the renormalization process.
A natural development of the theory described so far is the
possibility to generate dynamically the three scales dis-
cussed above, thereby predicting them based on the spectral
data and the unification point. Dynamical generation of
scales upon quantization has a long history dating back from
Sakharov [42] for the gravitational sector and Coleman and
Weinberg [43] for the Higgs sector. The zeta spectral action
(5.3) is a particular scale invariant extension of the scalar
model. Such extensions are promising for the solution of the
naturalness (hierarchy) problem [44]. In this approach a
spontaneous symmetry breaking value is “triggered” by
quantum correction, and the Higgs vacuum expectation
value can be computed [45], thus increasing predictive
power. As far as the gravitational sector is concerned, there
are several examples where the gravitational constant can be
induced; see for example the review [46].
It would be fascinating to put a full-fledged quantization
of gravity in this scheme, and even if this is still far in the
future, we note that possible stating points could be
conformal gravity, especially in the Bender–Mannhiem
formalism [47–49], which leads to unitary and renormaliz-
able theory of gravity [50] and has interesting astrophysical
consequences [51,52]. Interesting connections between
conformal and Einstein gravities are discussed in Ref. [53].
In conclusion, the zeta spectral action is an interesting
alternative to the usual cutoff spectral action. It shows
promises of explaining the phenomenology of the Standard
Model and beyond. In addition, the way it treats the
fundamental scales could also shed some light on the
explanation of some fundamental questions.
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